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Abstract.

In this article the mixed (continuous — discrete) optimal control problem
with non seperated conditions is examined. In suggested algorithm the system has
less number of equations than the number of equations used to solve continuous
and discrete optimal control problems separately. Suggested algorithm is better
than the others in the sense of computer realization. Finally we illustrated the
algorithm with a concrete example.

1. Introduction

Let the interval (0:7) is devided into subintervals of the form (wam)and the
motion of the object is given by [1-3]

%(2)= F(e)x(e)+ G(e ule) + olz) (1)
on each (7:-7i)and at each points of %iis given by the discrete equations of [3-5]
x(z, +0)= Fy x(r, -0)+ V() (2)

Finally at the boundary points of o. o O} the motion of the object is given by [3]



®,x(0)-®,x(r, +0)=¢ 3)
[3]. Here ®iand P.are the constant matrices of the form of kxn (k<n). F(),G(t)
and v()are the continuous matrices of the forms nxn, nxm and nx1 orderly on

(z:.701) %(¢) is the position vector of the object and #(t)is the control vector with
the forms of nx 1, mx1 orderly.

It is wanted to find #(!)and V() such that the performance index

J= (e )ep(n)+ j [ (VR()(e) + /(6 C ()t
27 2 @)

Ciare the constant matrices

is minimum under the conditions of (1), (2), (3). Here

of the form mxm such that & =€ >0 The matrices R()and C(*)are integrable
on (7:71) with the properties of R()=R'(t)=0 and C(1)=C'(t)>0 which have the
forms of nxn and mxm orderly. Here R'(t) and C'(!)are the transposes of R(?) and

C(¢) orderly.

This problem has been examined in the form of continuous and discrete
cases separately in [1,3,5]. The idea of symmetrization given in [1, 2] has some
difficulties. Therefore it will be better to use the sweeping algorithms [3].

In this article, firstly the problem of (1) — (4) reduced from the conditional
extremum problem to the extremum problem having no restrictions. So we
obtained the Euler — Lagrange Differential Equations and for the continuous case
of (1), (4) and the discrete case of (2), (4) problems orderly by using the condition

(3). After that we examine the properties of the same equations of which Fy
exists or not exists. Here we give two different algorithms for the solution of this
problem. In the first algorithm it requires the solution of the system of having 2n
differential equations and the solution of the system of 4n linear algebraic
equations. In the second algorithm it requires a suitable Riccati Matrix Differential
Equations having less dimensions, linear differential equations and the system of
n+k (k <n) linear algebraic equations.

The results have been shown in a simple form for the moving object on the
program trajectory and under the control.

2. The Solution of The Case Being ' exist.
As we have mentioned above by writing the extended performance index for
the problem
(1) - (4) we obtain the following system of Euler-Lagrange Equations for the
continuous case [6]:

u(t) =-C™(1)G'(1)A(t) (5)



and

1(e) = F(e)x{e) = GOR™ ()G ()Ale) + 0l0)

Alt)==R(e)x(e) - F'(e)ale) (6)
For the discrete case we have
”(Ti ) = _Ciilriﬂ‘(ri + O) (7)
and
x(r, +0)= ngx(ri —0)—M Az, +0)
Az, +0)=S8,x(r, —0)+ F; Az, +0) )
We have the suitable boundary conditions (3) and
2(0)= —(DIV,X(TP +0)= —CD'ZV (9)

So far this case the optimization problem of (1) — (4) reduced to the solution of the
differential system equation (6) and the discrete system (8) with the conditions (3)
and (9) orderly. The optimal control can be stated in the form of (5) and (7).

Now, let us suppose that F5™" be exist. Then we have [7]

2
(I)' — P1|: :|Ql
0 (10)
under the condition of @ =[®,.~®,] After some transformations we can obtain
~PA0)+PAlr, +0)=0 (11)

from (9).

"o

P =

Where P B,

By using (3) and (11) we can obtain the following equality of

Lol aL 2

Thus (6) with the dimension 2n and (8) with the same dimension leads us to the
solution of the optimization problem of (1) — (4) under the condition (12). Such
that when s

(z:-7.1) we can write the following result:
(r +0) x(0)
[ﬂ(r +0)} @(0,7 +O{/1(OJ v(z, +0) 03

Where (0,7, +0) is the fundamental matrix of (6) and Ve, +0) has been obtained
from (8). If we apply the boundary conditions (12) in the solution of (13) we obtain

(R R T

be exist by using the solutions of (6) and (8) on the intervals of



x(0)

A(0)

for the 1nitial condition of [ } Let the coefficients matrix has inverse. So, after

x(0)

finding L(O)} from the system of linear algebraic equation (14). The solution of
(6) can be find as the discrete equations (8) be satisfied for the arbitrary

7, #1,€[0,7, 0] Thus the relation between 2()and #()can be obtained as

follows
u(ti ) = _C_l(ti )G,(ti )j’(ti ) .
Finally, adding this knowledge together we can give the following algorithm
for the solution of the problem (1) — (4):

Algorithm 1.
Step 1. Construct the matrix ©=[®.~®.] with the help of (3). Then find 7 and
P from (10).
Step 2. Write the fundamental matrix olo. o Obe (6) and write the vector
V(z'p + 0) by (8).

o)
Step 3. Write A(0) by solving the algebraic equation (4).

4

Step 4. Obtain Alz;) by solving (6) and (8).
Step 5. Find ult;) and V(fi)by using the formula (5) and (7).

So far we have given the algorithm for the solution of (1)-(4) optimisation

problem with the have condition of Fy being exist. But in many practical
problems this condition does not hold [6]. For this reason it is necessary to give a
more general algorithm without using this heavy condition. By which the next part
deals with this case.
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3. The Case of Fy Non — Existence
-1

Suppose that 5" is not exist. For this case we can look for A1) Lagrange

Multiplier as
At)=S(t)x(t)+ Nt + ool2) (15)
by getting help from being linearity of the equations (6) and (8). Where the
matrices S\ N()andw(t) have the forms nxn, mxk and nx1 orderly. These
matrices will be obtained in the following.
By comparing (9) and (15) we write,



Sz, +0)=0,N(z, +0)= @, ,0(z, +0)=0 (16)

and with the help of [3, p.280] we obtain
S(z, -0)=0.N(z, -0)=-F, ®,.0(r,-0)=0 (17)
If we put the formula (15) and (6) on the interval (¢, +0.7,-0) we obtain the

following matrix differential equations for the matrices of S (¢ ), N(t) and lt)

$(0) =00~ S0+ S50 - R() a8
N(r)= (s (1)~ N G) (19)
o(t) = ()M (1) - F'(¢))eo(t) - S(¢)ol) (20)

In this equations the conditions are the same as (16), where M(1)=G{)C™ ()G'(t).

By the other method [3] we can write
—CI)zx(z'p+O)=N'x(t)+n(t)u+w(t) (21)

It can be shown easly that the followings are satisfied:

a(t)= N'(e)M(¢)N(z) }

nlr, —0)=-o,M, @, and (22)

w(t)=N'(e\M (e )wl(z)- V() W(z'p ~0)=0
(23)
By solving the equations (18) — (20), (22) , (23) under the conditions (17) up

0 S(z,,+0) Nz, ,+0) oz, +0) nlz, +0)

to the point “»1 *" we can obtain

w(z'pf1 + 0)‘

By taking Az, +0) and e, ~0) ) as (15) and using (8) we can obtain the

following equations for the required 7:,

S(z,-0)=F; S(z, +O)E+M,S(r, +0)] ' F, (24)
N(z,-0)=F, [E+S(z, +0)M,]'N(z, +0) (25)
o(z,-0)=F, [E+5(r, +0)M,| " w(r, +0)

n(ri - 0) = n(ri + 0)— N'(Ti + 0)[E + M,.S(T,. + 0)]71 M,.N(Tl. + 0) (27)

w(ri - 0) = W(ri + O)— N’(ri + 0)[E + MiS(ri + 0)]_1 Miw(z'i + 0) (28)



Thus if we continue this procedure up to the zero and taking v as the constant
Lagrange Multiplier corresponding to condition (3)we get the following algebraic

linear system;

{S ©  NO)+®, }{X(O)} _ { ~w(0) }
N'(0)+@, n(0) 4 g-w0) (29)
After ﬁndmg ( ) and v from thls system we find x() and u(t) as follows:
)=(F() (O)P!(0) = M(O)ele) = MEYN e+ w(0)+ (o) (30)
u(t)=-C™ () P(0)+ G'()S(e) () + G (N (o) + G'(e)wle) 31)

As for the points ?+ we have

x(z; +0)=L,(z x(z, = 0)= L, (7, v + L (7,) (32)
V(Ti ) = _Ciilri {S(Ti + O)Ll (71 )X(Ti - 0)+ N(Ti + O)_ S(T[ + O)L2 (Ti )V + S(Ti + 0)L3 (Ti )+ W(T[ + 0)} (33)
Where;

L(r,)=(E+M.S(z, +0))"'F
L,(z,)=(E+M,S(z, +0))" M,.N(r,. +0)
L,(z,)=—~(E+M,S(z, +0))" M w(z, +0)

-1
Finally we can write the following algorithm when s does not exist:

Algorithm 2.

Step 1. Construct the matrices F(t),G(t) V() R(t) S(t) Fs Ti C @, apd @,
from (1) - (4).

Step 2. Solve the equations (18) - (23) on the interval (7, +0.7,, =0),

Step3. Solve also § (= _0), N(z, _0),0)(Ti —0),”(Tf _0), w(z; =0) by the equations
(24) — (28). Then calculate S(0), N(0) n(0) (0) w(0),

Step 4. Find x(t) and () from (30) and (31) by using the initial conditions
x(0) . Find also *(*) and V() from (32) and (33).

The advantage of this algorithm that the continuous and the discrete cases are
the special cases and the coefficients matrix of (29) being symmetric. This show

that the condition number of the symmetric matrix is one of the good ones as being

shown in [1,2].



The following example is an illustration of this algorithm [5].

Example.
Let the system of

x=Fx+Gu
shows the motion of the object, where *= oo & 0 0] U= [n m] ,
0 0 1 0 0 O g 0 0 0
0 6, 0 6@ 0 @ 0 -4
G= ‘901_1 LY Oy = z » 490171 :l " *

0 0 0 0 1 O pg1o o0 g 0

= 901_IQ 0 1 0 6, 0 6, 0 -6, 0 6,
o % 0 0
Qg wy,, 0 wy 0
0 0 0 )%

wy, 0 w; 0
B=0,0, —0,0, Ou=my(* +p7) 6, =mh® +2m,|(h—7) +p?|

0,y =0, :mo[T(h_T)_pZ]’ Wa :mh+2m0(h—7), W3 = Wy =Myl Wy =M, T

Here we must explain that the interval (0:7)is not devided the subintervals and

the time “» ~°
x(r+0)=F;x(z—0),v(r)=0
1 0 -1 0
P O R ) my|e(h-7)-p*|
100 -1 0f 0,, mh2+2m0l(h—r)2+p2J
00 0 O

The matrices to corresponding boundary conditions can be obtained from (3)
as follows see [3]:

1 0 0 0 1 0 0 0 [0 ]
01 00 01 00 0
® =00 1 0|, ®,=[0 0 1 0], q=|0
4

000 0 0010 A

0 0 0 1] 0 0 0 1] 0 |

Moreover m=74,4 kg., my=10,2 kg., 1= 0,3m., P =0,24248m., 7=0,8575s.
C=diag{c\,c;}, c1=10, c; =1, [=0.694m., h=1,045m. are also be considered.
Under these hypothesis by using the Algorithm 2 we can obtain the following table

orbit of the programme trajectory and control for % in interval of (0,7).



t 0 % 2% 3% 4% -0 40

o, -0.332 -0.162 -0.048 -0.048 0.162 0.332 -0.332

@, 1.247 0.786 0.539 0.539 0.780 1.247 1.247

0, -.667 -0.54 -0.218 0.218 0.54 0.664 -0.664

@, 0.0 1.415 2.338 2.338 1.415 -0.64x107 0.0

& 0.58%10% | 0.66X10? 0.28 X 107 2028%102 | -066%10% | -058%x 107

£ -3.284 -3.256 -1.345 3.289 3.256 3.289
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