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Abstract. 
 In this article the mixed (continuous – discrete) optimal control problem 
with non seperated conditions is examined. In suggested algorithm the system has 
less number of equations than the number of equations used to solve continuous 
and discrete optimal control problems separately. Suggested  algorithm is better 
than the others in the sense of computer realization. Finally we illustrated the 
algorithm with a concrete example.   
 
1. Introduction 
 

Let the interval ( )τ,0  is devided into subintervals of the form ( )1, +ii ττ and the 
motion of the object is given by [1-3] 

( ) ( ) ( ) ( ) ( ) ( )ttutGtxtFtx υ++=&                                                  (1) 
on each ( )1, +ii ττ and at each points of iτ is given by the discrete equations of  [3-5] 

( ) ( )iiii VxFx
i

τττ δ Γ+−=+ )0(.0                                                  (2) 
Finally at the boundary points of { }0,0 +pτ  the motion of the object is given by [3] 



( ) ( ) qxx p =+Φ−Φ 00 21 τ                                                        (3) 
[3]. Here 1Φ and 2Φ are the constant matrices of the form of k×n (k<n). ( )tF , ( )tG  
and ( )tυ are the continuous matrices of the forms n×n, n×m and n×1 orderly on 
( )1, +ii ττ . ( )tx  is the position vector of the object and ( )tu is the control vector with 
the forms of n×1, m×1 orderly.  
 
 It is wanted to find ( )tu and ( )tV such that the performance index  
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is minimum under the conditions of (1), (2), (3). Here iC are the constant matrices 

of the form m×m  such that 0>′= ii CC . The matrices ( )tR and ( )tC are integrable 
on ( )1, +ii ττ with the properties of ( ) ( ) 0≥′= tRtR  and ( ) ( ) 0>′= tCtC  which have the 
forms of n×n and m×m orderly. Here ( )tR′  and ( )tC ′ are the transposes of ( )tR  and 
( )tC  orderly. 

 This problem has been examined in the form of continuous and discrete 
cases separately in [1,3,5]. The idea of symmetrization given in [1, 2] has some 
difficulties. Therefore it will be better to use the sweeping algorithms [3]. 
 
 In this article, firstly the problem of (1) – (4) reduced from the conditional 
extremum problem to the extremum problem having no restrictions. So we 
obtained the Euler – Lagrange Differential Equations and for the continuous case 
of (1), (4) and the discrete case of (2), (4) problems orderly by using the condition 

(3). After that we examine the properties of the same equations of which 
1−

i
Fδ   

exists or not exists. Here we give two different algorithms for the solution of this 
problem. In the first algorithm it requires the solution of the system of having 2n 
differential equations and the solution of the system of 4n linear algebraic 
equations. In the second algorithm it requires a suitable Riccati Matrix Differential 
Equations having less dimensions, linear differential equations  and the system of 
n+k (k < n) linear algebraic equations.  
 
 The results have been shown in a simple form for the moving object on the 
program trajectory and under the control. 
 

2. The Solution of The Case Being 
1−

i
Fδ  exist. 

 
As we have mentioned above by writing the extended performance index for 

the problem   
(1) - (4) we obtain the following system of Euler-Lagrange  Equations for the 

continuous case [6]: 
( ) ( ) ( ) ( )ttGtCtu λ′−= −1                                                                 (5) 



and 
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For the discrete case we have  
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We have the suitable boundary conditions (3) and  

( ) ( ) ντλνλ 21 0,0 Φ′−=+Φ−= p                                                          (9) 
So far this case the optimization problem of (1) – (4) reduced to the solution of the 
differential system equation (6) and the discrete system (8) with the conditions (3) 
and (9) orderly. The optimal control can be stated in the form of (5) and (7). 
 

 Now, let us suppose that 
1−

i
Fδ  be exist. Then we have [7] 
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under the condition of [ ]21, Φ−Φ=Φ . After some transformations we can obtain  

( ) ( ) 000 43 =++− pPP τλλ                                                        (11) 
from (9).  
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By using (3) and (11) we can obtain the following equality of 
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Thus (6) with the dimension 2n and (8) with the same dimension leads us to the 
solution of the optimization problem of (1) – (4) under the condition (12). Such 

that when 
1−

i
Fδ  be exist by using the solutions of (6) and (8) on the intervals of 

( )1, +ii ττ  we can write the following result: 
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Where ( )0,0 +Φ pτ  is the fundamental matrix of (6) and ( )0+pV τ  has been obtained 
from (8). If we apply the boundary conditions (12) in the solution of (13) we obtain  
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for the initial condition of 
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. Let the coefficients matrix has inverse. So, after 
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 from the system of linear algebraic equation (14). The solution of 
(6) can be find as the discrete equations (8) be satisfied for the arbitrary 

[ ]0,0 +∈≠ pii t ττ . Thus the relation between ( )itλ and ( )itu can be obtained as 
follows   

( ) ( ) ( ) ( )iiii ttGtCtu λ′−= −1
. 

 Finally, adding this knowledge together we can give the following algorithm 
for the solution of the problem (1) – (4): 
 
Algorithm 1.  
Step 1. Construct the matrix [ ]21, Φ−Φ=Φ  with the help of (3). Then find 3P  and 

4P from (10).  
Step 2. Write the fundamental matrix [ ]0,0 +Φ pτ by (6) and write the vector 
( )0+pV τ  by (8). 

Step 3. Write 
( )
( )






0
0

λ
x

 by solving the algebraic equation (4). 

Step 4. Obtain 

( )
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i

ix
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τ

by solving (6) and (8). 
Step 5. Find ( )itu and ( )iV τ by using the formula (5) and (7). 
 
 So far we have given the algorithm for the solution of (1)-(4) optimisation 

problem with the have condition of 
1−

i
Fδ  being exist. But in many practical 

problems this condition does not hold [6]. For this reason it is necessary to give a 
more general algorithm without using this heavy condition. By which the next part 
deals with this case. 
 
 

3. The Case of 
1−

i
Fδ Non – Existence  

Suppose that 
1−

i
Fδ  is not exist. For this case we can look for ( )tλ  Lagrange 

Multiplier as 
( ) ( ) ( ) ( ) ( )ttNtxtSt ωνλ ++=                                                   (15) 

by getting help from being linearity of the equations (6) and (8). Where the 
matrices ( ) ( ) ( )twtNtS  and,  have the forms n×n, m×k and n×1 orderly. These 
matrices will be obtained in the following. 

 By comparing (9) and (15) we write, 



( ) ( ) ( ) 00,0,00 1 =+Φ−=+=+ ppp NS τωττ                             (16) 
and with the help of [3, p.280] we obtain 

( ) ( ) ( ) 00,.0,00 2 =−Φ′−=−=− ppp p
FNS τωττ δ                      (17) 

If we put the formula (15) and (6) on the interval ( )0,01 −+− pp ττ  we obtain the 

following matrix differential equations for the matrices of ( )tS , ( )tN  and ( )tw  : 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )tRtStMtStFtStStFtS −+−′−=&                                    (18) 

( ) ( ) ( ) ( )( ) ( )tNtFtMtStN && −=                                                        (19) 

 ( ) ( ) ( ) ( )( ) ( ) ( ) ( )ttSttFtMtSt υωω −′−=                                                 (20) 

In this equations the conditions are the same as (16), where ( ) ( ) ( ) ( )tGtCtGtM ′= −1 . 

By the other method [3] we can write  

( ) ( ) ( ) ( )twtntxNx p ++′=+Φ− υτ 02                                                  (21) 

It can be shown easly that the followings are satisfied: 
( ) ( ) ( ) ( )
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                 and                                     (22) 

 

                        ( ) ( ) ( ) ( ) ( )( ) ( ) 00 =−−′= pWtVtwtMtNtW τ&                                        
(23) 

By solving the equations (18) – (20) , (22) , (23) under the conditions (17) up 

to the point  01 +−pτ  we can obtain ( )01 +−pS τ , ( )01 +−pN τ , ( )01 +−pτω ,  ( )01 +−pn τ , 

( )01 +−pw τ . 

By taking ( )01 +−pτλ and ( )01 −−pτλ ) as (15) and using (8) we can obtain the 

following equations for the required iτ : 

( ) ( ) ( )[ ]
ii

FSMESFS iiii δδ τττ 1000 −+++=−
                                                                   (24) 

( ) ( )[ ] ( )000 1 +++=− −
iiii NMSEFN

i
τττ δ                                                 (25) 

                              ( ) ( )[ ] ( )000 1 +++=− −
iiii MSEF

i
τωττω δ                                                   

( ) ( ) ( ) ( )[ ] ( )00000 1 ++++′−+=− −
iiiiiii NMSMENnn τττττ                  (27) 

( ) ( ) ( ) ( )[ ] ( )00000 1 ++++′−+=− −
iiiiiii wMSMENWw τττττ                (28) 



Thus if we continue this procedure up to the zero and taking ν  as the constant 

Lagrange Multiplier  corresponding to condition (3)we get the following algebraic 

linear system; 
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After finding ( )0x  and ν  from this system we find ( )tx  and ( )tu  as follows: 
( ) ( ) ( ) ( ) ( ) ( )( ) ( ) ( ) ( ) ( )( ) ( )ttwtNtMtxtMtPtCtGtFtx υν ++−−′−= −1&               (30) 

 
( ) ( ) ( ) ( ) ( )[ ] ( ) ( ) ( ) ( ) ( )twtGtNtGtxtStGtPtCtu ′+′+′+′−= − ν1                    (31) 

As for the points iτ  we have 

( ) ( ) ( ) ( ) ( )iiiii LLxLx τνττττ 321 00 +−−=+                      (32) 
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ){ }000000 321

1 +++++−++−+Γ−= −
iiiiiiiiiiii wLSLSNxLSCV τττντττττττ         (33) 
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Finally we can write the following algorithm when 
1−

i
Fδ  does not exist: 

Algorithm 2. 

Step 1. Construct the matrices ( )tF , ( )tG , ( )tV , ( )tR , ( )tS , i
Fδ , iΓ , iC , 1Φ  and 2Φ  

from  (1) - (4).  

Step 2. Solve the equations (18) - (23) on the interval ( )0,0 1 −+ +ii ττ .  

Step3. Solve also ( )0−iS τ , ( )0−iN τ , ( )0−iτω , ( )0−in τ , ( )0−iw τ  by the equations 

(24) – (28). Then calculate  ( )0S , ( )0N , ( )0n , ( )0ω , ( )0w . 

Step 4. Find ( )tx  and ( )tu  from (30) and (31) by using the initial conditions 

( )0x . Find also ( )tx  and ( )itV  from (32) and (33). 

The advantage of this algorithm that the continuous and the discrete cases are 

the special cases and the coefficients matrix of (29) being symmetric. This show 

that the condition number of the symmetric matrix is one of the good ones as being 

shown in [1,2]. 



The following example is an illustration of this algorithm [5]. 

 

Example. 
Let the system of  

GuFxx +=&  
shows the motion of the object, where  [ ]Tx 2211 ϕϕϕϕ &&= , [ ]Tu 21 ηη= , 
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42244422 θθθθβ −= , ( )22
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22 2 ρτθ +−+= hmmh , 

( )[ ]2
04224 ρττθθ −−== hm , ( )τ−+= hmmhw 021 2 , τ02223 mww == , τ043 mw −=  

 
Here we must explain that the interval ( )τ,0 is not devided the subintervals and 

the time ττ =p  
( ) ( ) ( ) 0,00 =−=+ τττ δ vxFx  
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The matrices to corresponding boundary conditions can be obtained from (3) 
as follows see [3]:  
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Moreover m=74,4 kg.,  m0=10,2 kg.,  τ= 0,3m.,  ρ = 0,24248m., τ =0,8575s. 

C=diag{c1,c2}, c1=10, c2 =1,  l=0.694m., h= 1,045m.   are also be considered. 
Under these hypothesis by using the Algorithm 2 we can obtain the following table 
orbit of the programme trajectory and control for it  in interval of ( )τ,0 :  

 
 
 



 
t 
 

0 
5

τ
 5

2τ
 5

3τ
 5

4τ
 

0−τ  0+τ  

1ϕ  -0.332 -0.162 -0.048 -0.048 0.162 0.332 -0.332 

1ϕ&  1.247 0.786 0.539 0.539 0.780 1.247 1.247 

2ϕ  -.667 -0.54 -0.218 0.218 0.54 0.664 -0.664 

2ϕ&  0.0 1.415 2.338 2.338 1.415 -0.64×10-7 0.0 

1ξ  0.58×10-2 0.66×10-2 0.28×10-2 -0.28×10-2 -0.66×10-2 -0.58×10-2  

2ξ  -3.284 -3.256 -1.345 3.289 3.256 3.289  
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