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ABSTRACT

 This paper presents the sensitivity notion of the solution of the
homogeneous two-point boundary value problem for the systems of the linear
difference equations of the form
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 where A  NxN matrix, L  kxN matrix and R   (N-k)xN matrix are real matrices, !

and " are real column vectors of N and N-k orderly.

Key Words: Difference equations, two-point boundary value problem,
sensitivity

LÝNEER FARK DENKLEMLER  SÝSTEMÝ  ÝÇÝN ÝKÝ-NOKTA SINIR DEÐER
PROBLEMÝNÝN HASSASÝYETÝ ÜZERÝNE

ÖZET

Bu çalýþma lineer fark denklemler sistemi için
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biçimindeki homogen iki-nokta sýnýr deðer probleminin çözümünün hassasiyeti
kavramýný vermektedir. Burada  A, L ve R matrisleri sýrasýyla  Nx N, kxN ve (N-k)xN
tipinde reel matrisler,  A  ve B  sýrasýyla N ve N-k  bileþenli reel sütun vektörleridir.

Anahtar Kelimeler: Fark denklemleri, iki-nokta sýnýr deðer problemi,
hassasiyet AMS subject classification 39 A 99

1. INTRODUCTION

The theory of difference equations is a lot richer than the corresponding theory of differential
equations. Many authors have been studied on difference equations and some problems related

C�D�E�DGFIHKJ LIM NOM P�NOHKQKMGR�HSQ�TIM USM V
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with them, such as stability theory (1), existence and uniqueness theorem (2,3), transmission of
information (4), signal processing, oscillation (5), control and dynamic systems (6,7), etc. (see also
8). Knowledge about the accuracy in the computation of the solution components is important (9).
First-order sensitivity analysis involves examination of the effects of differential variations in the
fixed coefficients or boundary conditions of a mathematical model. Sensitivity calculations may be
required for gradient evaluation in optimizations, in experimental design and analysis, and in many
phases of chemical process design (10). Our aim in this article is to present sensitivity notion about
the TPBVP. The system of difference equations x(n+1) = Ax(n) has N-linearly independent solu-
tions. Here A is NxN nonsingular matrix and x(n)=(x1(n),x2(n),...xN(n))T is N column vector. The
matrix obtained by using these independent solutions as its columns is called fundamental matrix of
the system and denoted by s (A, n) = ( t 1,  u 2 ,..., v n) (1,2,6).

2. TWO-POINT  BOUNDARY VALUE PROBLEMS FOR THE SYSTEM OF LINEAR
DIFFERENCE EQUATIONS WITH CONST ANT COEFFICIENTS

We consider the system of difference equationsw x w x
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the unique solution. Now we consider the initial value problem about the system of the
nonhomogeneous difference equations
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(3,11). We give the following two definitions and a lemma for the sake of use in the sequel:

Definition 2.1. Let A   NxN matrix, L   kxN matrix and R  (N-k)xN matrix are real matrices ,
Ö , ×  and  f(n) are real column vectors with N , (N-k) and N  elements orderly. Then the following
problem is called as a two-point boundary value problem for the system of the linear difference
equations with constant coefficients (2):
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Definition 2.2. For an NxN nonsingular matrix A the number õ”ö ÷

ø ø)ø ù

ú û

 is called as the

condition number of A, where ü  denotes matrix norm of A (9,12).

Lemma 2.1.  Let A and B are real NxN matrices and let ý þ

ÿ   then the following inequality

is satisfied:
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 [2.4]

Proof. To show this inequality we need to consider the following initial-value problem :
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With the help of  [2.1] the unique solution of this problem is� � � � �
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If we consider this problem as a nonhomogeneous system problem then with the help of [2.2]
the unique solution of this problem is
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Since the [2.5] problem has only one solution we can write the following equality of4 5 4 5
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By using this equality we continue as follows:
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This completes the proof.
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2.1. Existing and Uniqueness Theorems For The TPBVP

Theorem 2.1. We consider the following two-point boundary value problem;
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For these two cases we can define the matrix H as
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If the matrix H is a nonsingular matrix, then the problem has a unique solution (2).

Proof.

Case 1. By the hypothesis,  A is a nonsingular matrix. Since L (A,n)  is the fundamental matrix
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3. ON THE SENSITIVITY OF TPBVP

In this part, we examine the behavior of the solution of given any TPBVP according to the small
changes of initial values. Therefore, here we examine the sensitivity property of a TPBVP.

Theorem 3.1. We consider the following  two TPBVP's :
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Then, for the problems [3.1] and [3.2]
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is satisfied. Where A is a nonsingular matrix.

Proof. Since A is a nonsingular matrix then the solutions of  [3.1] and  [3.2] can be written
orderly as •�–
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Therefore, by the hypothesis we can see that the following is satisfied:
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If we examine the upper bound of this relative error,  we get the result that the condition number
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�  is effective. Therefore as the condition number �  gets bigger, the relative error also

gets bigger. By looking at the above upper bound we see that this holds locally. In the above
inequality if the upper bound does not depend on the number n then it will be the global upper bound
for the relative error.

Now we give the following theorem, which deals with the sensitivity of the problem, only when
the elements of L and R have small changes.
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is satisfied.
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Proof.    As  it can be obtained easily the solutions of these problems are
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orderly. By using the hypotheses and these solutions we can see that the below equalities and
inequalities are satisfied:
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 Thus, the proof of the theorem is completed.K3LNMPONMRQ�SUTWVUQ3TWXYXWZ[VUQW\]TW^U^�SUQ�_UL`Z[a`^,^�SUTW^bMPSUQWa�^�SUQ3Qdc�QWe]QWa`^Yf�Ldg�hjilkmilnoi`p�i q SUTWVUQ�^rLdL]fre�Tdc�c

s

SUTWa`tUQWf3TWaU\�^�SUQ3uUQWSUTWVUZ�LdX�Ldg�^�SUQ�fWLdc�v`^YZ�LdaUf3Ldg�fWLde�Q]wUxUy z3x,f+XrQWtUTWXr\`Z[a`toMRZ[^YS]^�SUQdfrQ

s

SUTWa`tUQWfd{Uw,L

\`L"^�SUQdfWQWONMPQ�a,QWQd\3^�SUQ6gWL`c�c�L|MRZ[a`t3^YSUQdLWXWQWe]}

Theorem 3.3.~ • ~ •

€ • ‚�ƒ „ …

†

‡[ˆ ‰‰

Š‹

Œ

•

Œ

Œ

Ž •

•

‘‘

’

‘

•

“

•

‘

•

’

‘

•

‘”‘•

•

‘

–,—

•

’

‘

˜`—

‘

™�—•

‘

—

[3.10]

  š › šœ›

•�ž

šŸ›   ¡

¢ £ ¢¤£ ¢ £

¥"¦¨§ ©,¥+¦

ª

¥+¦ «­¬U¥+¦ «®¦°¯­¦²±³¦´±­¦ µ¶±³¦ ¦ ¦¨·

¸ ¹ º

»

¼

º°½ ºo¾ ¿ À À

»Á Â

Â Â

Â Â

[3.11]

Ã`Ä`Å`ÅUÆ`ÇWÈ+É�ÊUÈ"Å`ËWÆdÌUÍ�ÈWÎ�ÇÐÏ�ÑUÒ�ÓdÔ`ÕœÖW×UØ)Ï�ÑUÒ�ÓdÓdÕœÌUÈ+ÙdÆd×UÇWÚ�Ø`ÈrËWÈdØ`Ò�Û"ÊUÈrËWÈ+ÖdÇÝÜRÈ+Î]ÈW×`ÉYÚ�Æd×UÈdØ�Ö Ì,ÆdÞ`Èdß

à á

ßrâ ã�ßrä ã�ß|å æ�ßWç è�Ör×UØ�é3ß`ê�ß`ë�ßUìœß�í"ÖWËrÈ�ÉYÆUÆ�ÙdÍ�Æ`ÇrÈ3ÉYÆ�ÈdÖdÙWÊ]ÆdÉ�ÊUÈWË�ËrÈdÇYÅUÈdÙWÉYÚ[ÞUÈdÍ[î Ú�×�É�ÊUÈ3ÇWÈW×UÇrÈ�ÆWï�×UÆdËYÎ

ËrÈdÇrÅUÈdÙrÉYÚ�Þ`ÈdÍ�îUÒ`ðY×]ÖdØ`Ø`Ú[ÉrÚ�Æd×�ÉrÆ3É�Ê,ÈWÇWÈ�ÉYÊ`È�Ú[×UÈdñdÄUÖWÍ�Ú�É�î]Ædï ò ó

ôjõöô ÷dø�ùúô

û

ü

Ì`È�ÖWÉ,Ê`ÖW×UØUÒ`ý,ÊUÈ3ÙdÍ�Æ`ÇWÈW×UÈWÇWÇ

Ædï,É�ÊUÈdÇWÈ�ÇrÆ`Í[Ä`ÉYÚYÆd×UÇ�Ø`ÈrÅ,Èr×UØ`Ç�Æd×+É�Ê,È�ÙWÆ`×UØdÚ�ÉYÚ�Æd×3×`Ä`Î�ÌUÈWË�þ�ÿ �

�

�������

ÒWê�ÈWÉ



G.U.-J. Sci., 16(1):69-79, 2003 / Nurettin DOÐAN
77

On The Sensitivity of The Two-Point Boundary Value Problem for a Linear Difference Equations System

�	� 
 ���
� ���

�
� ��� �

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

��

�

�

��

�

�

��

���

�

� ��

�

��

��

�

� ��

�

��

��

�

��

�

�

�

  ! 

"�

#

� "

!

"$

!

$%%

�

�

�

  ! 

"�

#

� " !"$!$%% 

&'

(

)*

)*

)*

)*)

+ , -	.

/0

1

1

1

1

2

1

34 5

66

7 8 9

9

:;

<

<=>@? A

9

9

:;

<

<=>B? A

C

9

9

:;

<

<=>@? A

D

E F

F

,  

GHGJI K

I

L MNM

M

O OPO

Q R S

TVU

W�W

W

W

X Y

Z\[

] ^ _

`

a\b

X

c

d

d

d

d

Then  the inequality of

     e f e f g

h

i

h

j

h

klkm nn

o

p  [3.12]

holds.

Proof. As it can be obtained easily, the solutions of  the problems [3.10] and [3.11]  are
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For the sake of  shortness let us write the following.
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With the help of the  Lemma 2.1, the Theorem 3.1 and finally the Theorem 3.2 the followings
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are satisfied, orderly.
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By the hypotheses on H and S T  we can write the following inequality
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is obtained easily. By the Lemma 2.1 that the last inequality takes the following form:l m
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Thus, by using the results obtained above and adding the hypotheses of • € •
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to these we can see that the inequality (3.15) takes the following form
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So, this completes the proof.
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