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ABSTRACT

This paper presents the sensitivity notion of the solution of the
homogeneous two-point boundary value problem for the systems of the linear
difference equations of the form

whereA NxN matrix, LkxN matrix and R (N-k)xN matrix are real matrices,
and are real column vectors of N and N-k orderly

Key Wrds: Diffelence equations, two-point boungavalue poblem,
sensitivity

LYNEER FARK DENKLEMLER SYSTEMY YCYN YKY-NOKTBSINIR DEPER
PROBLEMYNYN HASSASYYETY UZERYNE

OZET

Bu calypma lineer fark denklemler sistemiicin

bicimindeki homogen iki-nokta synyr deder probleminin ¢c6zimunin hassasiyeti
kavramyny vermekteduradaA, L ve R matrisleri syrasyyla Nx N, kxN ve (N-k)xN

tipinde reel matrisler ve syrasyyla N ve N-k bilepenli reel siitun vektorleridir

Anahtar Kelimeler: Fark denklemleri, iki-nokta synyr deder problemi,
hassasiyeAMS subiject classification 39 A 99

1. INTRODUCTION

The theory of difference equations is a lot richer than the corresponding theory of differential
eguations. Many authors have been studied on difference equations and some problems related
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with them, such as stability theory (1), existence and uniqueness theorem (2,3), transmission of
information (4), signal processing, oscillation (5), control and dynamic systems (6,7), etc. (see also
8). Knowledge about the accuracy in the computation of the solution components is important (9).
First-order sensitivity analysis involves examination of the effects of differential variations in the
fixed coefficients or boundary conditions of a mathematical model. Sensitivity calculations may be
required for gradient evaluation in optimizations, in experimental design and analysis, and in many
phases of chemical process design (10). Our aim in this article is to present sensitivity notion about
the TPBVP The system of diérence equations x(n+1)Ax(n) has N-linearly independent solu-
tions. HereA is NxN nonsingular matrix and x(n)={),x,(n),...x,(n))" is N column vectoiThe

matrix obtained by using these independent solutions as its columns is called fundamental matrix of
the system and denoted by(A, n) = ( ) (1,2,6).

1 2 10ty

2. TWO-POINT BOUNDARY VALUE PROBLEMS FOR THE SYSTEM OF LINEAR
DIFFERENCE EQUATIONS WITH CONSTANT COEFFICIENTS

We consider the system of fifence equations

[2.1]

the unique solution. Now we consider the initial value problem about the system of the
nonhomogeneous difference equations

Therefore the solution of this system is

[2.2]

(3,11). We give the following two definitions and a lemma for the sake of use in the sequel:

Definition 2.1.Let A NxN matrix, L kxN matrix and R (N-k)xN matrix are real matrices ,

, and f(n) are real column vectors with N, (N-k) and N elements ordéwy the following
problem is called as a two-point boundary value problem for the system of the linear difference
equations with constant coefficients (2):

[2.3]
Definition 2.2.For an NxN nonsingular matri the number [ II“ “ is called as the
condition number o, where| | denotes matrix norm & (9,12).
Lemma 2.1. Lef and B are real NxN matrices and et | | then the following inequality

is satisfied:
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” ” |10 ]
H [2.4]

Proof.To show this inequality we need to consider the following initial-value problem :

[2.5]
With the help of [2.1] the unique solution of this problem is

[2.6]

71

If we consider this problem as a nonhomogeneous system problem then with the help of [2.2]

the unique solution of this problem is

[2.7]

Since the [2.5] problem has only one solution we can write the following equality of

By using this equality we continue as follows:

This completes the proof.
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2.1. Existing and Uniqueness Theorems For The TPBVP

Theorem 2.1We consider the following two-point boundary value problem;

Then the following two cases can be met:

Case 1. IAA is a nonsingular matrix and (A,n) is the fundamental matrix of ,

Furthermore let W be given as

Case 2. If Ais a singular matrix then there exists an orthogonal matrix U such that

For these two cases we can define the matrix H as

If the matrix H is a nonsingular matrix, then the problem has a unique solution (2).

Proof.

Case 1. By the hypothesid,is a nonsingular matrix. Since (A,n) is the fundamental matrix
then the general solution of the given difference system can be written as

Therefore

is satisfied. For the given two boundary conditions in the theorem

Case 2. By the hypothesis, A is a singular matrix. Therefore the general solution of the differerence
system can be written as
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So

is satisfied We also know that

must hold. By using

It is clear that the solution of the TPBVP is

3. ON THE SENSITIVITY OF TPBVP

In this part, we examine the behavior of the solution of given any TPBVP according to the small
changes of initial value§herefore, here we examine the sensitivity property BPBVP.

Theorem 3.1We consider the following twdPBVP's :

[3.1]
Suppose the following problem is given
[3.2]
Then, for the problem8.1] and [3.2]
. [3.3]

is satisfied. Where A is a nonsingular matrix.

Proof. Since A is a nonsingular matrix then the solutions of [3.1] and [3.2] can be written
orderly as

Here the matrix H has the following form
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Therefore, by the hypothesis we can see that the following is satisfied:

[3.4]

If we examine the upper bound of this relative ermwe get the result that the condition number

is effective. Therefore as the condition numbergets biggerthe relative error also

gets biggerBy looking at the above upper bound we see that this holds lobalthe above
inequality if the upper bound does not depend on the number n then it will be the global upper bound
for the relative error

Now we give the following theorem, which deals with the sensitivity of the problem, only when
the elements of L and R have small changes.

Theorem 3.2.Let the following problems are given:

[3.5]

[3.6]

Then for these two problems the inequality of

| || L 1] .
1 T 11 1T 1 ]

is satisfied.
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Proof. As it can be obtained easily the solutions of these problems are

orderly. By using the hypotheses and these solutions we can see that the below equalities and
inequalities are satisfied:

[3.8]

Here is the least singular values of the matrix

|| || - [3.9]
. I -




[ N

I 11
I oar "

Thus, the proof of the theorem is completed.

Theorem 3.3.
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[3.10]

[3.11]
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Then the inequality of

| [ [3.12]

holds.
Proof.As it can be obtained easilihe solutions of the probleni3.10]and[3.11] are

orderly. By using them we can see that the following equalities are satisfied:

For the sake of shortness let us write the following.

So, the following inequality can be written:

With the help of the Lemma 2.1, tlideorem 3.1 and finally th€heorem 3.2 the followings

77
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are satisfied, orderly

gy L " " HH H -
|| || 1343

[3.14]

By the hypotheses on H and we can write the following inequality

is obtained easilyBy the Lemma 2.1 that the last inequality takes the following form:

Thus, by using the results obtained above and adding the hypothe#es o” (Wl
to these we can see that the inequality (3.15) takes the following form
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So, this completes the proof.
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