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Abstract. In this paper we present conditioning and sensitivity analysis of the
solution of the homogeneous two-point boundary value problems (TPBVP) for the
system of the linear difference equations of the form

x(n+1) = Ax(n)

Lx(ng) = ¢, Rx(ny) =w,{n:n n, neZ n,<mn=<ny}
where 4, L, R are respectively NxN, kxN and (N-k)xN real matrices, ¢, y and f(n) are
respectively N, N-k and N dimensional real column vectors.
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1. INTRODUCTION.

The theory of difference equations is a lot richer than the corresponding theory
of differential equations. Many authors have been studied several problems related to
difference equations. Such as stability theory [1], existence and uniqueness theorem
[2,3], transmission of information [4], signal processing, oscillation [5], control and
dynamic systems [6,7], etc. (see also [8]).

Knowledge about the accuracy in the computation of the solution components is
also important [9]. First-order sensitivity analysis involves examination of the effects of
differential variations in the fixed coefficients or boundary conditions of a mathematical
model. Sensitivity calculations may be required for gradient evaluation in optimizations,
in experimental design and analysis, and in many phases of chemical process design
[10]. The sensitivity analysis of control problems is current interest in the last fifteen
years [11]-[14]. A common task for this analysis is to estimate the perturbation in the
solution of a given problem as a function of the perturbations in the data. This is
important from both theoretical and practical point of view. In literature perturbation
results are available for some basic linear control problems such as computing matrix
exponentials, solving linear and quadratic matrix equations (algebraic and differential).



Our aim in this article is to present the notion of conditioning and sensitivity notions for
TPBVPs for difference equations.
It is known that for a nonsingular NxN matrix A, the system of difference equations
x(n+1) = Ax(n) has N-linearly independent solutions. Where

x(n)=(x;(n),x2(n),.. xn(n)"
is an N column vector. The matrix with these independent solutions as its columns is
called as a fundamental matrix of the system and denoted by W (4, n) = (yvi, v ..., wn)
[1,2,6].

2. TWO-POINT BOUNDARY VALUE PROBLEMS FOR THE SYSTEM OF
LINEAR DIFFERENCE EQUATIONS WITH CONSTANT COEFFICIENTS

We consider the system of difference equations
x(n+1)= Ax(n).

If for some ny > 0, x(ng) = xp 1is specified, then the considered system with this
condition is called as an initial value problem. If the matrix 4 is a NxN real nonsingular
matrix then this problem has

x(n)=A4""x(n,) 2.1)
the unique solution. Now we consider the initial value problem about the system of the
nonhomogeneous difference equations

x(n+1)= dx(n)+ £(n), x(ng)=xo.

Therefore the solution of this system is

n—1

x(n)=A""x(n, )+ Z A" f (k) (2.2)

k=n,
[3,15]. We give the following two definitions and a lemma for the sake of use in the
sequel:

Definition 2.1. Let 4 NxN matrix, L kxN matrix and R (N-k)xN matrix are real
matrices. @, ¥ and f(n) are real column vectors with N, (N-k) and N elements orderly.
Then the following problem is called as a two-point boundary value problem for the
system of the linear difference equations with constant coefficients [2]:

x(n+1)= Ax(n)+ f(n)
(2.3)
Lx(no): @ ;Rx(nl): y/;{n in,ny,n, €Z,ny <n< nl},
Definition 2.2. For an NxN nonsingular matrix 4 the number z(4)= ||A| HA*1 H is called

as the condition number of A [9,16]. Where ||A|| denotes the matrix norm of 4 [15].

Lemma 2.1. Let 4 and B are real NxN matrices and let ||B|| < ||A|| then the following

inequality is satisfied:
(n-1)
sl

|(4+B)" - 47)

(2.4)
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Proof. To show this inequality we need to consider the following initial-value problem :
X(n+1)= 4X(n)+ BX(n)

(2.5)

X(0)=1



With the help of (2.1) the unique solution of this problem is

X(n)=(4+B)

(2.6)

If we consider this problem as a nonhomogeneous system problem then with the help of
(2.2) the unique solution of this problem is

X(n)= 4"+ 5 4 Bx (k)

2.7)

k=0

Since the (2.5) problem has only one solution we can write the following equality of

n—1
(4+B)' —4"=> A"""'B(4+B)

k=0

By using this equality we continue as follows:

WA+BY—A”

(a+BY - ar

This completes the proof.

n—1
<[B] |4 |(a+ B)|
k=0
n-1
< ;IIA |4+
ctaf S 12
= 4]
L
<|Bl 4] e
T
<|Bl 4] e
k=0
1
- ”B” ”A 1 18]
1- eM
(n-1)
8l
8]
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2.1. Existing and Uniqueness Theorems For The TPBVP

Theorem 2.1. We consider the following two-point boundary value problem;

{x@1+1)=l4xoa

Lx(no)zgo ;]bc(nl):l//;{n:n,no,n1 e€eZ,ny<n Snl},

Then the following two cases can be met:
Case 1. If 4 is a nonsingular matrix and ¥(4,n) is the fundamental matrix of

x(n + 1) = Ax(n), n=0+L+2,.--.

W =¥(d4,n, —n

) )¥7(0).

Furthermore let w be

given as

Case 2. If 4 is a singular matrix then there exist an orthogonal matrix U such that

. 4 B
U'AU = ,

0 4,



is satisfied. Where 4y is Nyx Ny real matrix having all eigenvalues as 0 and det4;=0.
¥(4,,n) is the fundamental matrix of x(n+1)= 4,x(n). Let ¥ be given as

W =¥(4,n,—n, ¥ (4,000
For these two cases we can define the matrix H as

)

If the matrix H is a nonsingular matrix, then the problem has a unique solution [2].

Proof.
Case 1. By the hypothesis 4 is a nonsingular matrix. Since ‘P(A,n) 1s the fundamental
matrix then the general solution of the given x(n+1)= Ax(n) difference system can
be written as
x(n) = ‘I’(A, n—m)¥ (A,O)x(m).
Therefore
x(n, ) =¥ (d,n, =y )2~ (A4.0)x(n, ),
1s satisfied. For the given two boundary conditions in the theorem
Lx(ny) = @; R (4, =1y )¥ 7 (4,0)x(n, ) =,
should be verified. So by using W =¥(4,n, —n, )¥ ' (4,0) we can see that det H # 0

is true. Therefore the problem has a unique solution in this case.
Case 2. By the hypothesis, 4 is a singular matrix. Therefore the general solution of the
difference system can be written as

x(n)="¥(4,n - m)(‘I’_1 (4, ,0),0)U*x(m) .
x(”l ) = \P(A’nl — Ny )(\Irl (Al ,0),0)(]*)6(110 ) ,

is satisfied. We also know that
Lx(”o ) =0, RT(A9”1 — N, )(T B (Al ,0),0)U*x(no ) =Y.
must hold. By using

So

W =(d,n —n, ¥ (4,000
we can see that det H # 0 is satisfied. So the problem has a unique solution for this
case.

®»

It is clear that the solution of the TPBVP is x(n) =A"""H _1[
74

J,noénénl.

2.2. Conditioning Of TPBVP
@

With the help of the solution x(n)= 4""H "(
v

j,no < n <n, we may write the following

linear algebraic equation:

H.A_(n_" )x(n) = (¢J,n0 <n<n
7%

We can define the condition number of the TPBVP as

alear )= e (pra ) .




3. ON THE SENSITIVITY OF TPBVP

In this part, we examine the behavior of the solution of given any TPBVP
according to the small changes of initial values. Therefore, here we examine the
sensitivity property of a TPBVP.

Theorem 3.1. We consider the following two TPBVP’s :
x(n+1)= Ax(n)
(3.1)
Lx(no)z ) ;Rx(nl)z 1//;{n in,ny,n €Z,ny <n< nl},

Suppose the following problem is given
{y(n +1)=Ay(n)
Ly(n,)=@ ;Ry(n,)=W;{n:n,ny,n, € Z,n, <n<n,},
Then, for the problems (3.1) and (3.2) _
Py (@
(wj (Wj

()= (n)]
() m
7
is satisfied. Where A is a nonsingular matrix.
Proof. Since 4 is a nonsingular matrix then the solutions of (3.1) and (3.2) can be
written orderly as

(3.2)

< ﬂ(A"‘"oH‘l) My Sn<n, (3.3)

x(n)=A4""H" (:ﬁ} ny,<n<n,,

y(n)= A””OH_I((Z] ny, <n<n,.
v
Here the matrix H has the following form

L L
H = = .
[ij [RAH] Hnj

Therefore, by the hypothesis we can see that the following is satisfied:

x(n)= y(n)= A" H™ ng —(?H,no <n<n, (3.4)

7
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If we examine the upper bound of this relative error we get the result that the condition
number z ( A™™ H')is effective. Therefore as the condition number x gets bigger then
the relative error also gets bigger. By looking at the above upper bound we see that this
holds locally. In the above inequality if the upper bound does not depend on the number
n then it will be the global upper bound for the relative error.

Now we give the following theorem, which deals with the sensitivity of the
problem, only when the elements of L and R have small changes.
Theorem 3.2. Let the following problems are given:

{x(n +1) = Ax(n)

‘Sz S

[x(n)= pln)| < el PR

My Snsn

)= ()] _
||x )

A" " N, Sn<n,

3.5
Lx(no):(p;Rx(nl)zw;{n:n,no,nleZ,nOSnSnl}, (3:5)
{y(n +1)=4y(n)

" N (3.6)
Ly(no): 10 ;Ry(nl)z w;{n in,ny,n €Z,ny <n< nl},

Then for these two problems the inequality of

RS0 s U0 I Lot ! (3.7)

2 <y B | p(H )+ g 4m — —

ol <A ZET R R N
Sl IR

is satisfied.
Proof. As it can be obtained easily the solutions of these problems are

x(n)=A4""H" (:ﬁ} n,<n<n,,

y(n)= A””"I—NI_I((pj, ny<n<n,
7

orderly. By using the hypotheses and these solutions we can see that the below
equalities and inequalities are satisfied:
x(n)= y(n)=—4" (" - H (gj (3.8)
(@ = H 4 ) ()
()= y(n)]
()

el - Y

<| (4o H

= plarm |m(E - E)

e ot )

6



(A" -H)=—(H-H)d"
Jerta | <[~ mfr |

~ 1
“Ji-s b
Here o, (f[ ) is the least singular values of the matrix H.

1
)-|H -H

frter -7 <t - |

L-L
_l_

L1 HR—RH

IA
+

1

L2,

Jx(n) - () _ u(AHOH_I)[ﬂ(H)L -] |r-A
1- u(H)

L]

|--1] , |z-#]

]

ular)

(3.9)



Thus, the proof of the theorem is completed.

Now, we have arrived at the point that when the elements of 4,L,R, ¢, w have too
small changes and the behavior of the solutions of some TPBVPs regarding with these
changes. To do these, we need the following theorem:

Theorem 3.3.
{x(n +1)=4 (n)
Lx(ny) = ¢ 3 Rx(

{y(nﬂ) ( ) 3.11)

Ly(n,)=§ :Ry(n)=y:{n:n.ng.n, € Z,ny <n<nj,
Suppose the problems (3.10) and (3.11) be considered. Where, as we mentioned above,
A, LR, @,wv and A, L, R, ¢,y are too close to each other in the sense of norm

(3.10)

”1) {n:n,no,nleZ,nOSnSnl},

respectively. In addition to these the inequality of HR — RH < 0.1 |R|| be at hand. The
closeness of these solutions depends on the condition number z(H )= ||H ||HH - H . Let

n—ny—1

4~ A4
R 1

|4-4]

e M

§, = eln)uela 7 Y £ = |+ R - R

ny—ny-1

|44
+(L1)R| -

- ) |1~ |~ Rl

|4-4]
l—e M
MR T
el i A=Al s
S, = ula" i )T”x(n .S e it
~ 1—e I
W
Then the inequality of
||y(n)—x(n]|£$1 +S, + 85, (3.12)
holds.
Proof. As it can be obtained easily that the solutions of the problems (3.10) and (3.11)
are

L
x(n): An—nng(wj’no Sl’lﬁl’ll, H:( n—n ],
l// RAI 0

y(l’l)= Zn—noﬁ—l((ﬁ],no <n< n., F[ =(~ ~L _ ja
"4

R A"

orderly. By using them we can see that the following equalities are satisfied:

()= () = A7 {H‘l m_ﬁ @ﬂ Flan e ) @
S M (M e A



For the sake of shortness let us write the following.

¢ o arnfi - ﬁ_lmjj ¢, = a7 ﬁﬂ;]_(gﬂ ¢, = - ZH(,]I;_I@]

So, the following inequality can be written:

[xn) =) <[Ci ]+ €]+ IC]
With the help of the Lemma 2.1, the Theorem 3.1 and finally the Theorem 3.2 the
followings are satisfied, orderly.

ry -1 (5j
v

lsh 7]

A-A||A
A

i ) a8
e M
IGL
|G| < el E) ” (3.14)
)
n-ny y-1 7 _ 1
e < et 1 e 2 H”an_ﬂ(Hx\H_ﬁu (3.15)

By the hypotheses on H and H we can write the following inequality

L-L 0
+ —~—~ <
0 RA" ™0 — RA™™

|1 - | <L - L) +[(r - B)ar + Ran - G )

Jrr -] < R

<fe-T|ofe- R o e -7
is obtained easily.By the Lemma 2.1 that the last inequalNity takes the following form:
A=A

|+
]

RN TN P

l-e
Thus, by wusing the results obtained above and adding the hypotheses of

HR - EH < (0. 1)|R|| to these we can see that the inequality (3.15) takes the following form

- ol Rl -
) ) 2 B e L e

e M
I

o lr e &l e
|H] - u(r) |2 - L] + |R - ]| 4 H+(I.IX\RHW

14|

l-e

9



So, this completes the proof.
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