CONDITIONING AND SENSITIVITY ANALYSIS OF THE TWO-POINT
BOUNDARY VALUE PROBLEM FOR THE SYSTEM OF LINEAR
ORDINARY DIFFERENTIAL EQUATIONS WITH CONSTANT
COEFFICIENTS

H. Hiiseyin SAYAN

Gazi University, Faculty of Technical Education, Department of Electrical Education,

06500, T eknikoktjllar, Ankara-TURKEY, http:// w3.gazi.edu.tr/~hsayan, hsayan@gazi.edu.tr
Nurettin DOGAN

Gazi University, Faculty of Technical Education, Department of Electronics and Computer Education,
06500, Teknikokullar, Ankara-TURKEY, http:// w3.gazi.edu.tr/~ndogan, ndogan@gazi.edu.tr
Omer AKIN

Gazi University, Faculty of Arts and Sciences, Department of Mathematics

06500, Teknikokullar, Ankara-TURKLEY, http://w3.gazi.edu.tr/~omerakin, omerakin@gazi.edu.tr
Fikret ALIEV

Institute of Applied Mathematics, Baku State University, Azerbaijan, falievwyahoo.com

ABSTRACT

In this study, the sensitivity of two-point boundary value problem is investigated
for a system of homogeneous, linear, ordinary differential equations with constant
coefficients :

dx()=Ax(t), teltyt]
dt
Lx(to) =, Rx(t)=wy
Key words: Linear system, Condition number, Sensitivity.

1. INTRODUCTION

Huge developments in calculation techniques have been achieved in recent years.
Main subject among these developments is to examine the closeness of the numerical
solutions to the exact solution [1-4]. Knowledge about the accuracy in the computation
of the solution components is important [5]. First-order sensitivity analysis involves
examination of the effects of differential variations in the fixed coefficients or boundary
conditions of a mathematical model. Sensitivity calculations may be required for
gradient evaluation in optimizations, in experimental design and analysis, and in many
phases of chemical process design [6]. The sensitivity analysis of control problems is
current interest in the last fifteen years [7-10]. A common task for this analysis is to
estimate the perturbation in the solution of a given problem as a function of the
perturbations in the data. This is important from both theoretical and practical point of
views. Perturbation results are available for some basic linear control problems such as
computing matrix exponentials, solving linear and quadratic matrix equations (algebric
and differential). Our aim in this article is to present sensitivity notion for the TPBVP.

In our work, the effects of the accuracy of the set of numbers used by the computer,
the errors in the data and ill conditionedness of the problem on the solutions of the two-
point boundary value problems are underlined.

Up to this time, TPBVP for systems of differential equations has been studied in the
sense of existence and uniqueness theorem [11], the synthesis of optimal filtering



algorithms [12,13], wave propagation [14] etc. Several computational methods have
also been developed for solving TPBVP’s [15-17].

2. THE TWO POINT BOUNDARY VALUE PROBLEM FOR AN ORDINARY
DIFFERENTIAL EQUATION WITH CONSTANT COEFFICIENTS

Definition 1. The problem of finding the solution of the problem

%x(t) =Ax(t), telty,t]
(1)
Lx(to) =¢, Rx(t))=wy

is called ‘two-point boundary value problem for a homogeneous, linear, ordinary
differential equation with constant coefficients’. Where A, R, L are NxN, kxN, (N-
k)xN type real matrices respectively. ¢ is a vector with k components, y is a vector
with (N-k) components and x(t) is N dimensional unknown vector function on the given
interval.

Definition 2 (Fundamental Matrix). Let N dimensional vector {y(t), ya(t),...,yn(t)}
be the basis of vector space of the functions of solutions of the system given in (1).

Then, the matrix
Y= [ wi(t), wa(t),..., yn(t) ]

is called a fundamental matrix of the system given in (1).
Namely, if y(t) is a fundamental matrix, then one has [1]

S0 = Ay(t); dety(®) 0.

The only solution of the Cauchy problem
d
m X(t)=A X(t)

X(0)=1
Is X(t) = " which is an exponential matrix function. So, ¢” is a fundamental matrix
for the given system [18].

Theorem 1. Let us consider the problem (1). If @(t) is a fundamental matrix of the
system

%x(t) =Ax(t), telty.t]
and if

L
H= ERQD(tI —tn)QDl(O)J ’ @)

then the unique solution of the problem (1) is [9]



x@}=e“_%ﬂA}r4{¢}. 3)
i

Note: Let T, t be any numbers. Then for any fundamental matrix @(t) satisfies
O(T-t) ®'(0) =TV .

Therefore, the matrix (2) is of the form

L
H= Re (104

and independent of the choice of the fundamental matrix.
2.1. Conditioning Of TPBVP

We consider the following TPBVP:
%x(t) = Ax(t), telt,.t]

Lx(to ) =p,Rx(t,)=y
It is known that any solution of the system

4 o) = axle)

dt
with the initial value x(¢,) is

x(t)=e""x(z,).
If we apply the boundary conditions of TPBVP, we obtain the following equation:

Lol

L
We know already that H = |:R (h—to) A:| . Therefore the solution of this TPBVP is
e
x(7)= el Fo}
7

Hence we may write this solution as linear algebraic form
H.e ™ x(r) = [(1 :
7

It is possible to present the conditioning of the TPBVP by the help of the above system
of linear algebraic equations. The condition number of the above TPBVP is defined as

,u(He’(H“ )A ) = HHef(’ft" M H (Hef(tft” )A )71 .

Where the norm || || is a spectral norm [4].



3. SENSITIVITY ANALYSIS OF THE SOLUTION

In this part, the effect of the errors in the input data to the solution of the
problem (1) is going to be studied. In the following theorems these effects are
considered as the sensitivity of the solution of these problems and we determine an
upper bound for the absolute errors that have been made.

Theorem 2. Let A be a non singular matrix and the following two point boundary value
problem be given:

%X(t) =AX(®), teltyt]
4)
LX(to) =, RX(t)=y
and
d
- Y(H)=A4Y(), te [foat1]
(%)

LY(t)=¢, RY(t)=w.

Then the corresponding solutions o the two TPBVP’s (4) and (5) satisfy the following

inequality:
((pj ) (aJ
7% W

)

|X@)-y@) <

6
X0 ©

lu(e(t—tﬂ)A H‘l)

for small |ty , .

Proof. The solutions of the given problems are:

TN
< S
—_

X(1)= e(t—tO)AH,l

and

)

<!

Y= 0 (

Respectively. Hence we have:

e(z—to)AH—l{((ﬁ B
7%
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which leads us to inequality (6).
With this theorem, an upper bound has been determined for the relative error of

the problems (4) and (5). It is seen that the condition number ,u(e(t_t“)AH _1) has an
effective role on the upper bound.

< pleto ) |X@)|

Theorem 3. Let A be a nonsingular matrix. Consider the following two-point boundary
value problems on the interval of [#y,¢,]:

d —
- X =AX(Y

(7)
LX(t) =9, RX(t1)=vy
and
d —
- Y(t) =4 Y(t)
(8)

LY(t)=p, RY(t)=y.

Then the corresponding solutions o the above two TPBVP’s (7) and (8) satisfy the
following inequality:

XO-YOL_ (i o JH = H] I
OO A

~r - 9)
N
]

Proof. It is known that the solutions of the given problems are
(r-1)4 ()
7%

Xt)=e H'
and

- |
Y= 0" H{l//j'

Respectively. Here H and H are given by:

(L ~ (L
H= Rel170)4 , H = R0 |

Then,
Q | ®
X()- ¥ = &0 (‘//J AR l(l//j



N @
= _ e(t_to)A (H—l _H—l) (WJ

»
= _ e(t_to)A (ﬁ—l _ H—l) (e(t_tO)A H—l )-1 (e([_to)AH—l)(l//]

is obtained. Hence we get

X(0-Y(0) =- 7O (F I H Y (O Y X () (10)
Hence for the relative error we have the following upper bound:
B e
_ He(tfto)AHlH(ﬁfl —a Y (e(tfto)AHq Ul
e 1 ] ]
which implies,
X)) -Y(@) - - ~
| ol < ettt} s o) (n

Furthermore, by taking the norms of both sides of
H(H'-HY=(H-H) H'
One obtains
7 - < ([ a2 -m ||| 77|

~ 1
=|IH-HII*(:)
o, \H

Here o, (PNI ) are the least singular values of the matrix H .
1

Gl(H)—HH - ﬁ”
= Ly fn L
o (1) [H-H]
U2
-4 1

| H(H™'-HY) || < || H-H ||

|-

O

If we substitute this result in (11), the required result (9) is obtained. This completes the
proof of the theorem.

Theorem 4. Let us consider the following two problems:

SO =AXD, telto, ]

(12)
LX(to) =9, RX(t)=vy
and



%Y(t)z A Y1), telto ti]
(13)
LY(t)=F, RY)=v
Where A4,4; L,L; R.R; @,¢; ¥,y are couples of matrices and vectors that differ
slightly in the sense of the norm || || . Then one has

X0 - YO || < | X0 | u(e(’_’°)AH_1)u(H) \H- | L
| H || —pu(H)||H—-H ||

+||X(f)||ﬂ (t AR +||A A "M Tl

(,,7) '

Where
L
H=[Rem] . (14)

Proof. The solutions of these problems are respectively,

X(t)= L0 (ZJ

and

Y(U: e(t_to )Z ﬁ -1 (?J .

L4

Hence one has
x-¥ = & [0) L (7]
% %
_ e(t—tO)A -1 [(Pj_ ¢ 1=1,)4 I_~1_1 [(/:7] +e(z—t0)A I_~1_1 [4’3) ) e(z—zO)Z ~
v 7 7
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and

C3 _ (e(tfto)A _ e(t*t())"Z )F[—l (;J

Then we have,
1X@) - YO | < [[Cl| +[[C2 |+ Cs |

Using the results obtained in Theorem 2 and 3, we have the following bounds for C; and
C2 .

- ~ 1
ICHI<I X(0) [0 Y pu(td) |- |

| H || —p(H) | H-H ||

¥

%

~ Al G-t -1
<[|d-Alle” O et O H T

and

IC || < X(®) || ﬂ(e(t—to)Aﬁ_l)

It is clear that for C;, we also have the following bound:

(t-1,)4 (t,-1,)4 ~ _
[Csll<lle” O - et O [ H |

(%

From the above result we conclude that the closeness of the solutions depends o
the condition number p(H)=|H ||HH - H and the length T =t,-ty of the time interval.

This completes the proof of the theorem.
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