Chapter 08.05
On Solving Higher Order Equations
for Ordinary Differential Equations

After reading this chapter, you should be able to:
1. solve higher order and coupled differential equations,

We have learned Euler’s and Runge-Kutta methods to solve first order ordinary differential
equations of the form
dy

d—=f(x>y), ¥(0)=y, (1)
X

Whatdow edot os olves imultaneous (coupled) differential e quations, or d ifferential

equations that are higher than first order? For example an »" order differential equation of
the form

dny dn—ly dy
a +a +...+a,—+a,y=flx 2
n dxn n—1 dx’kl ldx oy f( ) ( )

with n —1initial conditions can be solved by assuming
y=1z (3.1)
dy dz,
—=—=z 3.2
dx dx : (3-2)
d’y dz,
T, 33
x> dx 3-3)
dnfly dZ .
— == 3.n
dx"” dx “ Bm
'y _dz,
dx"  dx
1 d"'y dy
=—/|-a,,——...—a,——a,y+ flx
Yoo a0
- ai(_an—lzn"‘_aIZZ — 4oz +f(x)) (3.nt1)

n

The above Equations from (3.1) to (3.n+1) represent n first order differential equations as
follows
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%:zzzfl(zl,zz,...,x) 4.1)
s o= f(z ) (4.2)
dx

dZ,, _ L(_ A, \Z,...— a2, —a,Z, -I-f(X)) (411)
dx a

Each o ft he n first or der or dinary di fferential e quations a re a ccompanied b y one 1 nitial
condition. These first order ordinary differential equations are simultaneous in nature but can
be solved by the methods used for solving first order ordinary differential equations that we
have already learned.

Example 1
Rewrite the following differential equation as a set of first order differential equations.
2
34 S PO ¥(0)=5, y(0)=7
dx dx

Solution

The ordinary differential equation would be rewritten as follows. Assume

dy _

dx
Then

d’y _dz

dx*  dx

Substituting this in the given second order ordinary differential equation gives

X

3%+2z+5y:e_

dx
d. -
d—i:%(e x—2z—5y)

The s et o f tw o s imultaneous first o rder o rdinary differential e quations complete w ith the
initial conditions then is

dy

—=2z,y0)=5

=2 (0)
%z%(e*—Zz—Sy), z(0)=7.

Now one can a pply any of the numerical m ethods us ed for solving first or der or dinary
differential equations.

Example 2
Given
d’y . dy - dy
+2=+y=¢e", y(0)=1,—(0)=2, find by Euler’s method
St ry=e’(0)=1,-20) y

a) »(0.75)
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b) the absolute relative true error for part(a), if y(0.75)| , =1.668

dy |
0.75
c) ” ( )

Use a step size of 7 =0.25.
Solution

First, t he s econd or der di fferential e quation i s w ritten a s t wo s imultaneous f irst-order
differential equations as follows. Assume

@ _

dt

then
dz
—+2z+y=e"
a7
dz
—=e'=2z-
dr Y

So the two simultaneous first order differential equations are
d
7); =z= f,(t,y,z), y(0)=1 (E2.1)
dz
e —2z—y=f,(t,y,2), 2(0)=2 (E2.2)
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